Abstract. There are many results describing the structure of the tame kernels of algebraic number fields and relating them to the class numbers of appropriate fields. In the present paper we give some explicit results on tame kernels of cubic cyclic fields. Table 1 collects the results of computations of the structure of the tame kernel for all cubic fields with only one ramified prime p, 7 ≤ p < 5, 000.
Introduction
The tame kernels of number fields have been investigated by many authors (see, e.g., [Br1] , [Br2] , [CH] , [Gr] , [HK] , [Ke] , [Ko1] - [Ko4] , [Q1] - [Q4] , [Ta] , and the references therein). In the present paper we give some explicit results for cubic cyclic fields with exactly one ramified prime. Let F be a cubic cyclic field. Basic information on such fields is given, e.g., in [Ha] . We assume, for simplicity, that in F there is only one ramified prime p, p > 7. Then p ≡ 1 (mod 6) and F is the unique cubic subfield of the cyclotomic field Q(ζ p ).
We investigate the tame kernel K 2 O F , where O F is the ring of integers of F. The order of the group K 2 O F is easy to compute using appropriate generalized Bernoulli numbers. First, we discuss the order #K 2 O F and its divisibility by small primes. To get information on the structure of the group K 2 O F we investigate its q-rank for some prime numbers q. For this purpose we develop an appropriate machinery (relations between tame kernels, class groups and groups of singular primary units of appropriate subfields of F (ζ q )).
We attach tables containing the results of numerical computations of tame kernels and class groups of fields F in question. Our table corrects some data given in Table 1 in [KK] . The computations have been performed using the GP/PARI package, version 2.1.0, and therefore some of the results are guaranteed to be correct only under the assumption of GRH.
be the Gauss periods. Then F = Q(α j ), j = 1, 2, 3, α 1 , α 2 , α 3 are conjugate in F, and the discriminant is p 2 . It is known that there are unique A, B ∈ Z such that (2.1) 4p = A 2 + 27B 2 , A ≡ 1 (mod 3), B > 0.
In the next lemma we collect basic information on p and A.
Lemma 2.1. If A, B are as in (2.1), then (i) A + p + 1 ≡ 0 (mod 9), (ii) A + p + 1 ≡ (p − 1) 2 (mod 27), (iii) p(A + 3) ≡ 1 (mod 27).
Proof. This follows easily from (2.1) and p ≡ 1 (mod 6).
The minimal polynomial for α j is
Substituting X → 1 3 (X − 1) we get another polynomial with the same splitting field:
with roots β j := 3α j + 1, j = 1, 2, 3, and discriminant ∆ g = 27 2 B 2 p 2 . Now we state some known facts on the class group of the field F. Let T = Gal(F/Q), and let τ be a generator of T satisfying τ (ζ p ) = ζ g p . Proof. (i) and (ii) follow from [Wa, Theorems 10.4 (b) , and 10.8]. The proof of Theorem 10.8 in [Wa] can be easily adapted to get the last statement.
Theorem 2.2. For a prime number q let

Orders of tame kernels.
For every abelian totally real field F the order of the group K 2 O F is known (see [MW] and [Wi] ):
where ζ F is the Dedekind zeta function of the field F, and w 2 (F ) is the maximal order of a root of unity belonging to the compositum of all quadratic extensions of F.
For every cubic cyclic field F we have w 2 (F ) = 24, with two exceptions:
w 2 (F ) = 3 · 24 for F = Q(ζ 9 ) + , w 2 (F ) = 7 · 24 for F = Q(ζ 7 )
+ , where ζ n = exp(2πi/n) is a primitive n-th root of unity, and E + denotes the maximal real subfield of a number field E. Now, let us return to cubic cyclic fields F with only one ramified prime p > 7. There are at least two ways to compute ζ F (−1).
1) The Dedekind zeta function ζ F (s) of the field F can be defined by the Euler product . 2) Now we describe the second method. The generalized Bernoulli number B n,χ corresponding to a Dirichlet character χ of conductor f is defined by
By the functional equation we get
where B n (X) is the n-th Bernoulli polynomial. Hence for the complex conjugate character χ we have B n,χ = B n,χ . The Dedekind zeta function of an abelian number field F is the product of Lseries:
where χ runs over the linear characters of the Galois group Gal(F/Q).
In our case there are two nontrivial cubic Dirichlet characters χ and χ, where s, χ) . Applying the formula (see [Wa, Theorem 4 
It is easy to compute B 2,χ (see [Wa, Exercise 4 .2 (a)]):
so the S k are integers. Moreover,
Consequently, 
Proof. This follows from (2.4).
(ii) For every prime number q ≡ −1 (mod 6), the number
In this case we have #K 2 O F ≡ 6 (mod 9). Moreover,
For every prime number q ≡ 2 (mod 3) and U, V ∈ Z we have q|U
Then from (2.6) we get (i) and (ii). To prove (iii) we apply the last formula of (2.5). From p ≡ 1 (mod 6), it follows that 2p − 1 ≡ 1 ≡ 0 (mod 3). Hence 3|#K 2 O F iff 3
Therefore (iv) follows from (2.6).
Remark. Part (iii) of Theorem 2.4 follows also from a more general result of M. Kolster and A. Movahhedi ([KM] , Example 2 on pp. 51-52), since a prime p ≡ 1 (mod 6) is inert in the cyclotomic Z 3 -extension of Q iff p ≡ 1 (mod 18).
3. The 2-primary part of the tame kernel 3.1. The 2-rank of K 2 O F . We apply the general formula for the 2-rank of K 2 O F , for an arbitrary number field F (see [Ta] ):
where r 1 (resp. g 2 ) is the number of real (resp. dyadic) places of F. For a cubic cyclic field F we have
Then the formula (3.1) takes the form
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The following lemma gives conditions equivalent to the splitting of 2 in the cubic cyclic field F defined in Section 2.1.
Lemma 3.1. The following conditions are equivalent:
Proof. The polynomial defined by (2.2) satisfies g(X) ≡ X 3 + X + A (mod 2). Hence by the Hensel lemma g(X) splits in Q 2 [X] iff A is even iff 2 splits in F.
The equivalence of (ii) and (iii) is obvious; for the equivalence of (iii) and (iv) see [IR, Proposition 9.6 .2].
Lemma 3.2. We have
Proof. The first assertion follows from (3.2) and Lemma 3.1. To prove the second it is sufficient to apply Theorem 2.2 to (3.2).
Lemma 3.3. Let W 2 (F ) be the wild kernel of the field F. Then
Proof. This follows from the description of the group
From the above lemmas we get immediately Corollary 3.4. For every cubic cyclic field F as above we have 
Elements of order 2 in
. Let ε 1 , ε 2 be fundamental units of F. Changing sign, if necessary, we may assume that N ε 1 = 1 and ε 2 = τ (ε 1 ), where τ is a generator of the Galois group
Additional elements of order 2 in K 2 O F can be determined as follows. In view of the last statement of Theorem 2.2 we can take independent generators of the group 
Consider the elements
if 2 is inert in F, and
if 2 splits in F. Then the elements (3.3), respectively (3.4), are multiplicatively independent modulo ∆ F = F * 2 ∪ 2F * 2 . It follows that the elements
where j = 1, . . . , t, are independent generators of the group 2 K 2 O F if 2 is inert in F. Similarly, the same elements and 
where the exponents α 0 , α 1 , α 1 , α 2 , α 2 , β j , β j are 0 or 1. Then also τ (c) ∈ K 2 O F has order 2 r . It is sufficient to prove that τ (b) = b, or equivalently, that τ (a) and a are multiplicatively independent modulo ∆ F .
We have proved above that the norms N ε 1 , Nγ, Nγ
Assume that τ (a) ≡ a (mod ∆ F ). In view of the multiplicative independence of the elements (3.3) and (3.4) modulo ∆ F , they should appear in (3.5) and in (3.6) with exponents of the same parity.
Therefore,
hence α 1 ≡ α 1 ≡ 0 (mod 2). In a similar way we get α 2 ≡ α 2 ≡ 0 (mod 2), β j ≡ β j ≡ 0 (mod 2), i.e., a ∈ ∆ F , b = 1. We have a contradiction since b is an element of order 2.
Corollary 3.6. We have
and if an element ε 1 , γ or some γ j in (3.3), respectively in (3.4), is not totally positive, then
Proof. The first inequality follows from the fact that 4-rank
and the two numbers are of different parities.
If an element α ∈ F * is not totally positive, then applying the three real Hilbert symbols of F to {−1, α} we see that {−1, α} is not a square in K 2 F. In particular, {−1, −1} is not a square. It follows that if ε 1 , γ or some γ j is not totally positive, then 4-rankK 2 O F ≤ 2-rankK 2 O F − 2, and the corollary follows since the two ranks are of different parities.
4. The q-rank of the tame kernel for q odd 4.1. Notation. Let q be an odd prime number, ζ q a primitive q-th root of unity, and
Let ω be the q-adic Teichmüller character of the group (Z/q) * . Then, for 1 ≤ a ≤ q −1, the value ω(a) ∈ Z * q is determined uniquely by the conditions ω(a) q−1 = 1 and
In particular,
Since
and we get a decomposition of M into a direct sum of Z q [G]-submodules:
The group µ q of q-th roots of unity has the natural structure of a
Obviously,
Consequently, in view of (4.1),
where F is the cubic cyclic field defined above, and q = p. Denote by λ :
the homomorphism of the class groups induced by the imbedding O E −→ O E [1/q], and let
Lemma 4.1. For j = 0 the mapping λ :
Proof. Since λ commutes with the action of G, we have λ(
, λ is surjective. Moreover, the group ker λ is generated by the classes containing prime ideals Q of E that divide q. Since q does not ramify in F, and prime divisors q of q in F totally ramify in E, it follows that σ(Q) = Q for every σ ∈ G.
Consequently, ker λ ∩ A ⊂ A G = ε 0 A. Therefore ker λ ∩ ε j A = 0 for j = 0, and the lemma follows.
Let S be the set of prime ideals of F dividing q that split completely in E. For cubic cyclic fields the set S is empty as follows from the next more general lemma.
Lemma 4.2. If F is any Galois extension of Q of odd degree d and q is an odd prime number, then the set S of ideals of F that divide q and split completely in
Since e q (F/Q) | (F : Q) = d, where d is odd, and 2 | q − 1, it follows that 2|e q (E/F ). Hence every prime ideal of F dividing q ramifies in E, so it cannot split completely in E.
Proof. There is an exact sequence
(see [Ke, Theorem 5.4] , and [Ge] ). Therefore by (4.2), (4.3) and Lemma 4.1 we get
Since all terms in (4.4) are elementary abelian q-groups, (4.5) yields
Tensoring by µ q and dividing by q do not change the q-rank, and S = ∅ by Lemma 4.2. Hence
By the theorems of Herbrand and Ribet (see [IR, Chapter 15, §3] ) for q > 2 we have ε q−2 A = 1 iff q divides the numerator of the Bernoulli number B 2 = . Let τ be a generator of the Galois group T := Gal(F/Q) = Gal(E/Q(ζ q )). Since q = p, it follows that σ and τ commute, and consequently T acts on the group ε j A for 0 ≤ j ≤ q − 2.
If a ∈ ε j A is fixed by τ , then
by assumption. Hence a 3 = 1, and so a = 1. Thus every nontrivial orbit in ε j A under the action of T has three elements. The same holds for orbits contained in the maximal elementary abelian q-subgroup B j of ε j A. We have r j := q-rank B j = q-rank ε j A. Hence #B j = q rj ≡ 1 (mod 3). Then from q ≡ −1 (mod 3) it follows that r j is even.
The last assertion follows from ε q−2 A = 1.
By analogy with the class group of F (see Theorem 2.3 (ii)) we state the following conjecture.
Conjecture 4.6. If q ≡ 5 (mod 6) is a prime, then
4.3. The case q = 3. If q = 3, we can give a more precise description of the fields in question. From 4p = A 2 + 27B 2 it follows that in the field Q(ζ 3 ) the prime p splits into two principal ideals, (p) = (π)(π), where
and π is the complex conjugate of π. Moreover,
In fact, one can easily verify that
is a root of g(X) = X 3 −3pX −Ap. Equivalently, one can use the Cardano formulas.
and (4.6) follows, since both fields in question are of degree 6 over Q.
Theorem 4.7. We have
Proof. For q = 3 we have
Hence ε 0 A E = N E/F (A E ) = 1, since the class number of F is not divisible by 3 (by Theorem 2.2 (i)). Consequently, ε 1 A E = (ε 0 + ε 1 )A E = A E , and the assertion follows from Theorem 4.3.
Now we can give a direct proof of a result obtained earlier.
Proof. Set γ = 3 √ p for simplicity. We shall prove that E(γ) is an abelian unramified extension of E of degree 3. Then 3-rank A E ≥ 1, and the assertion follows from Theorem 4.7.
Since the extension E/Q is abelian, and γ = 3 √ p cannot belong to any abelian extension of Q (the Galois group of the polynomial
Evidently (p) = (γ) 3 is the cube of an ideal in O E , and the congruence
. Hence p is a singular primary element in E with respect to the prime number 3. From [Wa, Exercise 9.3 (b) ] it follows that E(γ) is an unramified extension of E, as claimed.
Reflection theorems
We apply reflection theorems to prove some estimates of the q-rank K 2 O F ; for more details see [Br2] . We extend the above notation as follows.
Let L be the maximal unramified and elementary abelian q-extension of E with the Galois group H := Gal(L/E). Then the Artin reciprocity map gives an isomorphism of G-modules A/q −→ H. 
Let U E be the group of units of O E , and denote by U E its subgroup of units u satisfying
for some x ∈ O E . Such a u is called a singular primary unit. It is easy to see that
Proof. Since ϕ : B 0 −→ q A is a homomorphism of G-modules, it induces homomorphisms of the corresponding direct summands:
Since ker ϕ j = ε j ker ϕ and q-rank (A) = q-rank ( q A), the assertion follows from Theorems 5.1, 5.2 for j = 2, and 4.3.
Theorem 5.3 gives some estimates from below and from above of the q-rank of K 2 O F by means of the q-ranks of some subgroups of the class group and of the group of singular primary units (modulo q-th powers) of the field E = F (ζ q ).
For large prime numbers q, the degree (E : Q) = q − 1 is large, and it is difficult to determine its class group and the group of units, and the action of the Galois group Gal(E/Q) on them. We prove that sometimes E can be replaced by its proper subfields, where the necessary computations are much easier to perform.
For a fixed primitive root h modulo q set ω(h) = ζ q−1 ∈ Z * q , and t = q−1 2 . Then σ t is the complex conjugation on E. The maximal real subfield E + of E is the subfield fixed by σ t . Then N E/E + = 1 + σ t .
Lemma 5.4. Under the above notation we have
Proof. By the definition of ε 2 we get
Assume that q ≡ 1 (mod 6), and for j = 0, 1, 2, let
where ζ 3 ∈ Z q and τ is a generator of T := Gal(F/Q) = Gal(E/Q(ζ q )). Then η 0 , η 1 , η 2 are primitive idempotents of the group ring Z q [T ] . Hence
. Set r = (q −1)/6. For j = 0, 1, 2, let T j be the subgroup of G × T generated by σ t and σ rj τ −1 , and denote by E j the subfield of E fixed by T j . Then #T j = 6, E j ⊂ E + , and (E j : Q) = (q − 1)/2 = t for j = 0, 1, 2. In
Lemma 5.5. Under the above notation we have
for j = 0, 1, 2 and some
Proof. In the definition of ε 2 (see (4.1)) there is a summation over k, where 0 ≤ k ≤ q−2. Since q−1 = 6r, we can substitute k = ir+m, where 0 ≤ i ≤ 5, 0 ≤ m ≤ r−1. Then
Denote the first sum in brackets by ξ 1 , and the second by ξ 2 . For fixed put s = j + i; then for 0 ≤ i ≤ 5, s runs over all residues modulo 6. Hence
Denote the first factor of the last expression by ξ 3 , and the second by ξ 4 . Then, since 3r = t and σ −t = σ t , we get
where
is the norm from E to the subfield fixed by σ rj τ −1 . Hence (1 + σ t )ξ 4 is the norm from E to the subfield of E + fixed by σ rj τ −1 , i.e., (1 + σ t )ξ 4 = N E/Ej .
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Finally we get
For every subfield L of E we define U L to be the group of singular primary units in L,
, and the lemma follows.
From the above we get inclusions of elementary abelian q-groups
hence, acting by ε 2 , we obtain
, since q r. By symmetry we get u 2 ∈ U q L2 ; hence the mapping in question is injective. From Lemma 5.7 it also follows that the restricted mapping
is injective. Consequently, under the assumptions of Lemma 5.7 we have that
(5.4) Theorem 5.8. Let E j be the subfield of E fixed by the group
(5.5)
Moreover, if the class number of the field Q(ζ q ) is not divisible by q, and in the field
Proof. The first inequality in (5.5) follows from (5.2) and Theorem 5.3.
By Lemma 5.5, from (5.1) we get
Similarly, by (5.2) we obtain
Now the second inequality in (5.5) follows from Theorem 5.3. Let us observe that E 0 is the field fixed by the group τ −1 , σ t ; hence E 0 = Q(ζ q ) + . From the assumption q-rank (A Q(ζq ) ) = 0 it follows that q-rank (A E0 ) = 0 and that there is no abelian unramified extension of Q(ζ q ) of degree q. Then from [Wa, Exercise 9 .3] we deduce that every singular primary unit in Q(ζ q ) is a q-th power of a unit. By Lemma 5.6 the same holds for the field Q(ζ q ) + . Thus we have proved that q-rank ε 2 U E0 /U q E0 = 0. Now we proceed as in the proof of (5.5). To prove the first inequality in (5.6) we use (5.4) with L j = E j for j = 1, 2, and Theorem 5.3.
To prove the second inequality it is sufficient to observe that on the right-hand side of (5.5) the summands corresponding to j = 0 vanish, as proved above.
The 7-rank of K 2 O F
We apply Theorem 5.8 with q = 7 to prove some estimates for the 7-rank of K 2 O F . In many cases these estimates suffice to determine the structure of the 7-primary part of the group K 2 O F . Our arguments can be extended mutatis mutandis to other primes q ≡ 1 (mod 6).
We are going to give an effective description of the fields E j to look for singular primary units in these fields, and to describe the action of ε 2 on these units. For this purpose we have to fix some notation. 6.1. Notation. For a fixed primitive root g modulo p, where p ≡ 1 (mod 6) is a prime, we have defined the Gauss periods
Obviously, α 1 does not depend on the primitive root g chosen, but if we replace g by g −1 , then α 2 and α 3 permute; hence the number (α 1 − α 2 )(α 2 − α 3 )(α 3 − α 1 ) changes sign.
We shall assume henceforth that a primitive root g modulo p is chosen in such a way that
In particular, for the prime 7, we choose the primitive root 3. Then the Gauss periods are
Since γ 1 , γ 2 , γ 3 are the roots of the polynomial
On the other hand,
3 γ 1 . Moreover, by the Vieta formulas,
We denote by σ the automorphism of the field Q(ζ 7 ) satisfying σ(ζ 7 ) = ζ 3 7 . Then σ(γ i ) = γ i+1 , where the indices are taken modulo 3. We repeat the same for the cubic subfield F of the cyclotomic field Q(ζ p ), where p ≡ 1 (mod 6), p > 7. The field F is generated by any root β i of the polynomial
with discriminant ∆ g = (27Bp) 2 . Since β i = 3α i + 1, where α i are the Gauss sums given above, from our assumption on the primitive root g modulo p it follows that
, where the indices are taken modulo 3.
As above we set
Now let us consider the compositum of the cubic fields Q(ζ 7 ) + = Q(γ i ) and F = Q(β i ). It is the maximal real subfield E + of E = F (ζ 7 ). Since
where the automorphisms σ and τ are restricted to E + , there are four cubic subfields of E + . Namely, F = Q(β i ), E 0 = Q(ζ 7 ) + = Q(γ i ), E 1 , the subfield fixed by στ −1 , and E 2 , the subfield fixed by στ.
Hence, for a ∈ E + we have
Define
. Applying the Vieta formulas one can verify that the minimal polynomials for ρ 1 and ρ 2 are, respectively,
with discriminants
6.2. The action of ε 2 . Let a cyclic group G = σ of order 6 act on an elementary abelian 7-group A. In the following lemma we describe the action on A of the primitive idempotents
of the group ring Z 7 [G], where ω(3) ∈ Z 7 satisfies ω(3) 6 = 1, ω(3) ≡ 3 (mod 7). We apply this lemma in the case when ε j = ε 2 , G = Gal(Q(ζ 7 )/Q), and A is either the maximal elementary abelian 7-subgroup of the class group of E j , or the group of classes of singular primary units of E j modulo seventh powers.
Lemma 6.1. Let a cyclic group G = σ of order 6 act on an elementary abelian 7-group A, and let a ∈ A.
(i) If
then ε j a = 1 for j = 0, 1, 3, 5.
(ii) Moreover,
iff (ε 2 a = a and (6.1) holds),
iff (ε 4 a = a and (6.1) holds).
Proof. (i) Let us observe that (6.1) implies σ 3 a = a, so
Since 3 3j ≡ (−1) j (mod 7), it follows that ε j a = 1 for j odd. Moreover, ε 0 a = 1 6 (1 + σ + σ 2 )a = 1, by (6.1). This proves (i).
Now, by (6.2) and (6.1),
The proof of the last statement is similar.
Estimates of the 7-rank of
The class group of the field Q(ζ 7 ) is trivial, and there are no nontrivial singular primary units with respect to q = 7 in the field E 1 ∩ E 2 = Q. Therefore, the assumptions of the "moreover" part of Theorem 5.8 are satisfied, and from (5.6) we get
(6.3) Lemma 6.2. Assume that the class numbers of the fields E 1 and E 2 are not divisible by 7. Then equality holds in (6.3) :
Proof. From the assumption it follows that 7-rank(ε 2 A Ej ) = 0 for j = 1, 2, so (6.3) yields the assertion.
Computation of the 7-rank of
We give some details concerning the computation of the 7-rank of K 2 O F via the 7-ranks of other groups appearing in (6.3). Since the field E j , j = 1, 2, is cubic and totally real, there are two fundamental units ξ 1 , ξ 2 in E j , and we can assume that ξ 2 = σ(ξ 1 ) and N Ej/Q (ξ 1 ) = 1. Therefore
, and the characteristic polynomial of the action of σ on the linear space U Ej /U 7 Ej over F 7 is X 2 +X +1. Since the polynomial has distinct roots 2, 4 in 
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and to determine this 7-rank it is sufficient to find a unit u ∈ U Ej such that the corresponding coset uU Ej is an eigenvector corresponding to the eigenvalue 2, i.e.,
Ej ), and to verify whether u ∈ U Ej . This last verification can be done as follows. The field E j equals Q(ρ j ), where ρ j is a root of the polynomial g j (X) defined above. Let us observe that, for p > 7,
hence A ≡ ±B (mod 7). Consequently, g j (X) is an Eisenstein polynomial with respect to 7. Hence the root x := ρ j of g j (X) satisfies v 7 (x) = 1 3 , where v 7 is the normalized 7-adic valuation, v 7 (7) = 1.
Consequently, every unit u ∈ U Ej can be written in the form
Raising to the sixth power induces an isomorphism of the group U Ej /U 7 Ej ; hence we can replace u by u 6 . In that case a 0 ≡ 1 (mod 7). So let us assume that in (6.5) we have a 0 ≡ 1 (mod 7). Then u is a singular primary unit iff u ≡ 1 (mod 7x), or, equivalently,
We proceed similarly to determine the 7-rank of A Ej . We look for generators of the maximal elementary abelian 7-subgroup of the class group A Ej . It is a linear space over F 7 . Then we describe the action of the automorphism σ on it and determine the eigenspace W (2) j corresponding to the eigenvalue 2. In view of Lemma 6.1,
The results of the computations are given in Table 2 (at the end of the paper), where we used the following shorthand notation, for j = 1, 2 :
Ej generates the linear space V
j , then d j = 1 or 0 according as u is a singular primary unit or not.
It turns out that the 7-primary part A Ej of the class group of the field E j is nontrivial in three cases only:
• For p = 2707 we have A E1 = Z/7. We have computed that ε 2 A E1 = 1 (fortunately!), so the class group does not contribute to the 7-rank of
• For p = 3313 we have A E2 = Z/7. Since
hence equality holds everywhere, and 7-rank K 2 O F = 1.
• For p = 4513 we have A E1 = Z/7. Since 7 2 #K 2 O F and
it follows that 7-rank (K 2 O F ) = 2, and the knowledge of the 7-rank of ε 2 A E1 is not necessary.
7. The 13-rank of K 2 O F Now we apply Theorem 5.8 with q = 13. The arguments are similar to those in the case q = 7 considered above, so we omit some details.
For the prime number 13 we choose the primitive root 2 and we consider the Gauss periods
where the indices are taken modulo 6.
Evidently Q(γ j ) = Q(ζ 13 ) + for 1 ≤ j ≤ 6. Moreover, the field Q(γ j ) contains a unique cubic subfield F 0 := Q(γ j + γ j+3 ) and a unique quadratic subfield Q( √ 13) = Q(γ j + γ j+2 + γ j+4 ). Let F be the cubic subfield of the cyclotomic field Q(ζ p ), where p ≡ 1 (mod 6), p > 13. Then F = Q(β i ), where β i , i = 1, 2, 3, are the roots of the polynomial
, where the indices are taken modulo 3. Let E + be the maximal real subfield of the field E = F (ζ 13 ). Then E + is the compositum of the fields Q(ζ 13 ) + and F, and consequently,
where the automorphisms σ and τ are restricted to E + . For j = 0, 1, 2, let E j be the subfield of E + fixed by the automorphism
Let
Then F j := Q(λ j ) is a cubic subfield of E j , j = 1, 2. There are ten fields F corresponding to primes p < 5 000 such that 13 2 |#K 2 O F . Namely, for p = 163, 379, 487, 757, 1723, 1867, 3673, 4447, 4999 the above divisibility holds, and even in the stronger form 13
The class number of the field E 1 ∩ E 2 = Q( √ 13) is 1, and there are no nontrivial singular primary units with respect to 13. Consequently, for a ∈ U Ej /U Lemma 7.1. Let A be an elementary abelian 13-group on which the Galois group G = Gal(Q(ζ 13 )/Q) = σ acts, and let a ∈ A.
iff (ε 2 a = a and (7.1) holds), σ(a) = a 10 iff (ε 10 a = a and (7.1) holds).
Proof. (i) From the definition of ε j and (7.1) we get
Since 2 6j ≡ (−1) j (mod 13), it follows that ε j a = 0 for j odd and for j divisible by 4.
For j = 6, by (7.1) we have
(ii) Assume (7.1). Then, in particular, (7.2) holds for j = 2 :
in view of (7.1). Hence
Consequently, (7.1) holds, and from the above it follows that ε 2 a = a.
The proof of the last equivalence is similar.
Lemma 7.2. Assume that the class numbers of the fields E 1 and E 2 are not divisible by 13. Then
Proof. This follows from (5.6).
The field E j is totally real of degree 6, so there are five fundamental units in E j . The automorphism σ acts on the linear space U Ej /U 13 Ej = F 5 13 over F 13 . Denote by V (λ) j the eigenspace corresponding to an eigenvalue λ. It is known (see [Ma] ) that the characteristic polynomial of the action of σ on this linear space is equal to (X 6 − 1)/(X − 1). Since the polynomial has five distinct roots in F 13 :
it follows that the eigenspaces V Lemma 7.3. Under the above notation we have
and if in F j there are no nontrivial singular primary units, the equality holds in (7.3).
Proof. From Lemma 7.1 (ii) it follows that if u ∈ V (4)
Ej , ε 2 u = u, and there are no nontrivial singular primary units in F j , then the assumption (7.1) of Lemma 7.1 is satisfied, and by part (ii) of that lemma we get σ(u) = u 4 , i.e., u ∈ V
j . It turns out that the 13-primary parts of the class groups of the fields F j and E j , j = 1, 2, are trivial for all fields F mentioned above. Moreover, in F j , j = 1, 2, there are no nontrivial singular primary units, with one exception: p = 487, and the field E 2 . Nevertheless, in this exceptional case, we have N E2/F2 (u) = 1 for every u ∈ U E2 /U 13 E2 . Therefore, the equality always holds in (7.3), and this makes it possible to determine the 13-rank of K 2 O F for every field in Table 1 .
First for every field E j we have determined a unit u generating the 1-dimensional subspace V (4) j , and next we have verified whether u is singular primary. Similarly to the case q = 7 the minimal polynomial for ρ j is an Eisenstein polynomial with respect to q = 13, and every unit u ∈ U Ej can be written in the form
where x = ρ j , a 0 , . . . , a 5 ∈ Q, and v 13 (a 0 ) = 0. We can assume that a 0 ≡ 1 (mod 13), replacing u by u 12 .
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Then u is a singular primary unit iff a 0 ≡ 1 (mod 13 2 ) and a i ≡ 0 (mod 13) for i = 1, . . . , 5. Table 3 (at the end of the paper) gives the results concerning the 13-rank of K 2 O F . We use the following notation:
, and (K 2 O F ) 13 denotes the 13-primary part of K 2 O F .
Description of Table 1
The first column of the table lists all primes p ≡ 1 (mod 6), p < 5 000, and the second the corresponding values of A. The third and fourth columns give the orders of K 2 O F ; moreover, the fourth column provides information about the structure of the group K 2 O F . To save space we use the following convention. If the order of a group is written in the form (n 1 ) k1 (n 2 ) k2 . . . , where (n j ) kj is in roman font, it means that the group is isomorphic to the product of k 1 copies of Z/n 1 , k 2 copies of Z/n 2 , etc. However, if a factor (n kj j ) is written in bold type, it means that there is a direct summand of order n kj j , but its structure is unknown. Thus (2) 2 means Z/2 × Z/2, and (2 2 ) means Z/4, but (31 2 ) means a group of order 31 2 , i.e., one of the groups Z/31 × Z/31 and Z/31
2 . The fifth column of the table gives the class group of F, provided it is nontrivial. We use the same convention here, e.g. (2) 2 means Z/2 × Z/2. The structure of the 2-primary part of K 2 O F can be determined as follows. The ideal (2) splits in O F into nonprincipal ideals iff p belongs to the following list: 277, 397, 1399, 1459, 1699, 1777, 1789, 1831, 2689, 3271, 4339, 4567 . It turns out that in all these cases the 2-primary part of the group Cl(O F,2 ) is trivial, even for p = 1777, when Cl(O F ) = Z/4 × Z/4.
For other fields in the table, 2-rank Cl(O F,2 ) = 2-rank Cl(O F ). Consequently, by Lemma 3.2, 2-rank (K 2 O F ) = 3 or 5 for every p < 5 000. Now we can apply the second inequality of Corollary 3.6. Namely, it turns out that the fundamental unit ε 1 is totally positive iff p = 1009 or 4567 (for p < 5 000). Fortunately, for these two fields the corresponding elements γ j are not totally positive. Then by Corollary 3.6, 4-rank (K 2 O F ) ≤ 2-rank (K 2 O F ) − 3. Hence 4-rank (K 2 O F ) = 0 or 2, and if 2-rank (K 2 O F ) = 3, then 4-rank (K 2 O F ) = 0, for p < 5 000. It follows that if e 2 := 2-rank (K 2 O F ) and v 2 (#K 2 O F ) = r, then the 2-primary part of K 2 O F is isomorphic to (Z/2) e2−2 × (Z/2 s ) 2 , where s = (r − e 2 )/2 + 1.
To determine the structure of the 3-primary part of K 2 O F we use Theorem 4.7: 3-rank (K 2 O F ) = 3-rank (Cl(O E )). It can be verified that for all p < 5 000 we have 3-rank (Cl(O E )) ≤ 2. 
